One of the most intriguing problems in the generation of coherent radiation using a relativistic electron beam is the interaction of multiple electromagnetic eigenmodes with the electron beam. In free electron laser (FEL) oscillators', 2 and gyrotrons, mode competition determines the temporal behavior of the eigenmodes of the cavity and the radiation spectrum. Multimode phenomena also occur in overmoded amplifier systems, where the temporal dependence of the eigenmodes is usually sinusoidal. In such cases, the eigenmodes evolve spatially as a result of the interaction with the electron beam.
A nonlinear multimode theory is indispensable in order to predict the rf power in each mode. Multiple waveguide mode interactions have been investigated using linear theory 4 and computer simulations' for FEL amplifiers, but detailed comparisons between theory and simulations are not (yet) available. There have been few theoretical studies of multimode interactions in cyclotron autoresonance maser (CARM) amplifiers'-" in waveguide configurations, despite the fact that many planned CARM amplifier experiments will operate in an overmoded waveguide.
In this letter, we present a general treatment of multimode interactions in an overmoded single-frequency CARM amplifier, using a nonlinear self-consistent model and kinetic theory. A complete set of CARM amplifier equations with multiple modes, which are derived from the standpoint of particle-wave interactions (similar to the FEL equations derived by Kroll, Morton, and Rosenbluth" 2 ), are integrated numerically to calculate the linear and nonlinear evolution of coupled transverse eigenmodes and of the relativistic electron beam. In addition, use is made of the linearized Maxwell-Vlasov equations and the Laplace transform to derive a dispersion relation and amplitude equations for the CARM instability with an arbitrary number of vacuum transverse-electric (TE) and transverse-magnetic (TM) waveguide modes. The Laplace transform analysis allows for analytical calculation of launching losses and the three-dimensional radiation field profile.
Although the present treatment is devoted specifically to the CARM amplifier, we believe 2 that the basic ideas are applicable to a large -class of amplifier-type free electron devices including free electron lasers, gyrotron traveling-wave tubes,'" Cherenkov masers,1 4 etc. It can be shown that a complete set of nonlinear equations describing an overmoded CARM amplifier with multiple TE1, modes can be expressed in the dimensionless form 
sin On$ +P. (4 where n is a positive integer and the normalized coupling constant g, is defined by
Equations ( Therefore, the amplitudes En(z) and the dispersion relation can be obtained by solving
Eq. (6) and performing the inverse Laplace transform of Zn(s).
For two coupled modes, TEI, and TEIn, it is readily shown from Eq. (6) that the dispersion relation is Typical results from the computer simulations and kinetic theory are summarized in Figs. 1-3 . Figure 1 shows the dependence of rf power, in the TE 11 and TE 12 The inclusion of the coupling of the TE 11 and TE 12 modes results in instability for the TE 12 mode as seen in Fig. 1(b) , while the single-mode theory predicts complete stability for the TE 12 mode as seen in Fig. 1(a) . In fact, in Fig. 1(b) mode suffers greater launching losses than the TE 11 mode.
The simulation also shows that the relative rf phase AO(z) = (k, 2 -k, 1 )z + 6 2 (z) -
61(z)
for the coupled modes is approximately constant in the exponential gain regime.
Such a phase-locking phenomenon is expected from linear theory, because the dispersion relation in Eq. (7) yields a unique solution of k. with a negative imaginary part, which determines the spatial growth rate and phase shifts for both modes in the exponential gain regime. What is remarkable is that phase locking persists even in the nonlinear regime, at least for some finite interaction length after saturation. This reveals two general features of the multimode CARM interaction: (1) all of the coupled modes have the same growth rate, but suffer different launching losses which depend upon detuning characteristics; (2) the phases of coupled waveguide modes are locked in the exponential gain regime, and remain locked for some finite interaction length after saturation.
Another interesting feature of the multimode CARM interaction is that the rf power distribution among the coupled modes at saturation is insensitive to the small-input rf power distribution at z = 0. Figure 2 shows the results of the simulations for the coupling of the TE 11 and TE 12 modes with two different distributions of input rf power. In interaction length z for (a) single-mode CARM interactions and (b) the CARM interaction with the coupled modes. Note in Fig. 1(b) that the TE 12 mode grows parasitically with the dominant unstable TE 11 mode at the same spatial growth rate due to mode coupling, despite the differences in launching losses. 
